In order to detect possible signal redundancies in the ambient seismic wavefield, we develop a new method based on pairwise comparisons among a set of synchronous time-series. This approach is based on instantaneous phase coherence statistics. The first and second moments of the pairwise phase coherence distribution are used to characterize the phase randomness. For perfect phase randomness, the theoretical values of the mean and variance are equal to 0 and √ 1 − 2/π , respectively. As a consequence, any deviation from these values indicates the presence of a redundant phase in the raw continuous signal. A previously detected microseismic source in the Gulf of Guinea is used to illustrate one of the possible ways of handling phase coherence statistics. The proposed approach allows us to properly localize this persistent source, and to quantify its contribution to the overall seismic ambient wavefield. The strength of the phase coherence statistics relies in its ability to quantify the redundancy of a given phase among a set of time-series with various useful applications in seismic noise-based studies (tomography and/or source characterization).
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I N T RO D U C T I O N
The seismic ambient wavefield encompasses all possible displacements of the Earth's surface that are recordable by a seismometer. Since the beginning of the 20th century, the main goal of seismic station deployments is the analysis of transient signals caused by impulsive sources such as earthquakes or artificial sources, relegating the remaining signal (outside of the time window of interest) to seismic noise. The term 'noise' hence refers to anything else that modifies, perturbs, or hides the signal of interest. It is mostly generated in different frequency bands, such as the short-period (<1 s) anthropogenic noise (Koper et al. 2010) , the 1-20 s period microseismic energy due to the ocean activity (e.g. Longuet-Higgins 1950; Gerstoft et al. 2008; Ebeling 2012) or oceanic long-period (>50 s) infragravity waves (Kobayashi & Nishida 1998; Rhie & Romanowicz 2004) . However, the theoretical result that the crosscorrelation of continuous noise converges toward the Green's function between two stations (e.g. Lobkis & Weaver 2001) has opened a variety of applications in seismology for retrieving information about the Earth's structure (e.g. Shapiro et al. 2005; Brenguier et al. 2008) .
The empirical Green's function builds up after a sufficient selfaveraging process which is provided by a random/uniform spatial distribution of the noise sources over time as well as scattering (Campillo 2006) . Hence, high energetic signals due to short transient events can contaminate the cross-correlation results. Long time-averaged cross-correlations are also widely used to study the continuous excitation of the seismic ambient wavefield (e.g. Stehly et al. 2006) . Amplitude normalization processing schemes are usually applied on raw time-series in order to wipe out the effects due to high amplitude transients events (such as earthquakes) (Bensen et al. 2007) . The main drawback of these approaches is that normalizations corrupt the genuine signal information. Groos et al. (2012) pointed out that such normalization may lead to an amplification of signals generated by temporally persistent and spatially localized sources (e.g. Oliver 1962; Zeng & Ni 2010; Tonegawa et al. 2015) . Moreover, amplitude normalization tends to favour distant sources compared to local contributions (Tian & Ritzwoller 2015) .
The aim of this paper is to present a new method to provide quantitative information on the seismic ambient wavefield from the raw signal. The technique relies on phase repetitiveness of crosscorrelations, and is based on the statistics of a time sample-based pairwise comparison of instantaneous phase coherence. Instantaneous phases have been used in the field of communication (Gabor 1946) , medecine (Mormann et al. 2000) , seismic exploration (Taner et al. 1979) and for seismic signal extraction (Schimmel & Paulssen 1997) .
C O H E R E N C E S TAT I S T I C S

Theory
In the complex trace analysis framework, any sample of a signal can be defined in the complex plane as an instantaneous vector with length A(t) and direction angle φ(t), corresponding to the envelope and the instantaneous phase, respectively (Gabor 1946; Taner et al. 1979) . The analytic signal S is computed using H, the Hilbert transform of the real input signal s,
At a given time, instantaneous phases can be used as a measurement of the (in)coherence among a set of traces (Schimmel & Paulssen 1997) . The so-called phase stack, relies on constructive and destructive sums of unit vectors in the complex plane. In the case of only two signals, s j and s k , the phase coherence (Schimmel 1999) , at a given time t,
is a real value lying between −1 and 1. Thus, a coherence value of 1 is obtained for a perfect phase match, and conversely for −1.
With the aim of introducing statistical quantities to compare a set of n synchronous signals, we define μ j (t), the mean of coherences between the jth and all other instantaneous phases (hereafter referred to as individual coherences),
where δ is the Kronecker symbol. A comprehensive pairwise comparison is obtained through the overall coherence,
Since c jk = c kj (eq. 2), all pairwise coherence values, stored in an [n × n] array (discarding the diagonal elements), are reshaped into a set C of p elements, where p = n(n − 1)/2 and C i ≡ (c jk + c kj )/2. This leads to another definition of the overall coherence,
The standard deviationσ is given by the variance,
To quantify the instantaneous phase redundancy, we first consider the case of random signals. A uniform distribution of instantaneous phases is a property of such signals (White 1991) . According to the ergodicity property of randomness, the phase distribution at a given time is uniform among a set of n independently generated random signals. As a consequence, since the instantaneous phase differences are computed for all φ k (t) while keeping φ j (t) fixed, δφ jk (t) is uniformly distributed as well. Considering that, for a sufficient large amount of randomly distributed instantaneous phase differences, a random exploration of [−π , π ] is analogous to a regularly spaced sampling of that domain. Introducing x as any instantaneous phase shift measurement δφ jk (t), the mean valueμ of the coherences C(x) may be equivalently defined in its continuous form or using the first moment definition,
where P(C) is a probability density function. Eq. (8) with the phase coherence definition (eq. 3) leads to
Using the second moment definition and eq. (7),σ 2 = 1 − 2/π . As shown in Fig. 1 , the results for a regular sampling of δφ jk , between −π and +π , perfectly match the theoretical predictions (eq. 9). The probability density function P(C) also predicts the behaviour of the distribution for the random case (green bars). The results are shown here for a set of n = 300 randomly distributed samples (p = 44 850 comparisons). All experiments confirm that the uniform instantaneous phase distribution favours phase and antiphase coherences (C close to ±1).
Synthetic experiment
To illustrate both cases of instantaneous phase randomness and redundancy, we present a synthetic experiment which mimics a temporally persistent signal within a background noise. A single noisy 120 000 s long time-series is constructed by sampling an amplitude value within a Gaussian distribution (μ = 0, σ = 0.22) for each time sample. Starting at 200 s, 270 cosine tapered monochromatic signals of 100 s length and 20 s period, are added every 400 s. We then cut the time-series every 400 s to create a set of 300 data segments. As a result, the overprinted monochromatic signal is present within the 200-300 s time windows on each trace (between the two vertical lines in Fig. 2a) , except for 30 traces (for instance, the red trace).
At each time, both individual and overall coherences are computed using eqs (4) and (6), respectively (Fig. 2b) . In agreement with theoretical expectations (eq. 9),μ statistically converges toward zero, andσ tends to a value of √ 1 − 2/π( 0.603), for all time samples but those between 200 and 300 s. The limited amount of comparisons (p = 44 850) is however sufficient to fit the random case theory, which emphasizes that the overall coherence statistically converges toward the expected value although the distribution of coherences, for such a limited amount of samples, does not perfectly fit the theoretical distribution (Fig. 1) . The phase redundancy of the sinusoidal signals between 200 and 300 s significantly increases theμ values up to 0.69. This latter value corresponds to an average of 270 individual coherences of approximately 0.85 among 300, since the 30 sums of individual coherences for pure random noise traces tend to zero. Two individual coherences (eq. 4) using only 299 comparisons are also computed (Fig. 2b) . The differences between theory and synthetics for the random cases (outside the 200-300 s time window) are consequently larger than forμ although a fairly good agreement is still achieved (values for the random case do not exceed 0.08). The polar grey-shaded density plots exhibit the distribution of instantaneous phases at two given time samples. They are both computed using the 299 instantaneous Comparison between theoretical predictions and numerical experiment results using n = 300 samples (i.e. p = 44 850). The theoretical probability density function P(C) (eq. 9) is plotted with the dashed blue curve. The histogram obtained for a random sampling of δφ jk (green) overlays the results obtained using a regular sampling (orange). phase values. At t = 100 s (panel 1), the almost uniform density is a consequence of the random case, while at t = 240 s (panel 2), the phase redundancy results in the concentration of the density within a narrow angular range. The instantaneous phases φ 5 and φ 10 , used as references for individual coherence measurements (eq. 4), overlay the density plots in green and red colours, respectively. At t = 100 s, their exact values have no impact on μ 5 and μ 10 due to the uniform density. Conversely, at t = 240 s, the values of instantaneous phases φ 5 and φ 10 greatly influence the individual statistics results. As shown in Fig. 2(a) , the 5th time-series (green) contains the sine (10) and (11). Seismic stations are represented by the black triangles. Each time sample, and its corresponding mean coherence value (see (b)), is projected on the grid using an homogeneous velocity set to 3.5 km s −1 . signal leading to a value for φ 5 close to the density maximum. As a consequence, for all time samples within 200 and 300 s, μ 5 is positive and much larger than zero, which signs a departure from the previously discussed random case. Low or negative values of individual coherences (such as μ 10 at t = 240 s, for instance) are representative of a large difference between φ 10 (red in panel 2) and the maximum of the instantaneous phase density. The overall randomness of the 10th time-series (red) implies large variations of the individual coherences as a function of time, though high values for μ 10 can be reached but only by chance.
A P P L I C AT I O N T O T H E M I C RO S E I S M I C S O U RC E I N T H E G U L F O F G U I N E A
Temporally persistent and spatially localized microseismic sources have been detected at different places around the world (e.g. Holcomb 1980 ). Some of them have been localized using ambient noise cross-correlations (e.g. Shapiro et al. 2006; Brzak et al. 2009; Zeng & Ni 2010; Xia et al. 2013) . We propose to focus on the 26 s period source located near the Gulf of Guinea, using a sparse seismic array composed of four broad-band Federation of Digital Seismograph Network stations. The initial set of observations consists in continuous vertical component data, recorded during the month of 2004 August .
To compute coherence statistics among a set composed of a sufficient number of synchronous traces, the raw seismic signal is split into 372 2-hr sliding time windows. Only the basic signal processing steps (including removing the mean, trend and the instrumental response) are applied. Data are bandpass filtered between 23 and 32 s periods. The 2-hr time-series are cross-correlated, leading to a set of 372 synchronous cross-correlations for each station pair (Fig. 3a) . The overall coherence measurements (eq. 5) are computed for each station pair (Fig. 3b) . For all station pairs, the overall coherenceμ(t) value is close to zero for most time lags except for specific time windows in which a clear signal emerges. A fairly simple approach is followed to convert mean overall coherences into geographical locations. We test any possible source position using a grid of 80
• × 90
is the traveltime delay between a given gridpoint (located at latitude λ and longitude ) and a given station pair. The epicentral distances ( i and j ) between the two stations (i and j) and the gridpoint are computed on a spherical Earth. Following Shapiro et al. (2006) , a homogeneous surface wave group velocity U = 3.5 km s −1 is chosen.
For each gridpoint, the mean overall coherence
is computed (Fig. 3c) , n is the amount of stations (n = 4). The maximum amplitude is at (5.5
• N, 1.5 • E), which is in very good agreement with previous locations found in the literature Xia et al. 2013) . The smearing features are due to the very small amount of stations.
The study of microseism sources from ambient noise crosscorrelations usually requires pre-cross-correlation time normalization in order to attenuate the effects due to the presence of large amplitude events . Here, no time normalization and no spectral whitening is applied, since only the information carried by the instantaneous phases is used. Although most of the 2-hr-cross-correlations are very noisy (Fig. 3a) , the pairwise statistics on phase coherences give very robust features and quantify the signal randomness (values around zero) as well as the phase redundancy. The overall coherence results (Fig. 3b) show that it is possible to quantify the weight of a repetitive source in the seismic ambient wavefield. The statistics confirm that the Gulf of Guinea source is redundant within the 23-32 s period range. However, the largest overall coherences values are significantly lower than 1 (0.33 for the BFO-TAM station pair, for instance), which could reflect (i) the intermittency of the excitation of the Gulf of Guinea source in 2004 August, (ii) possible other signals, occurring in the same period range, which outshine the redundant source phase arrival at some stations and/or (iii) multipathing effects.
Concerning the BFO-TAM station pair, the overall coherence maximum (which signs the phase redundancy) is observed at time lags corresponding approximately to the interstation great-circle surface wave propagation time, which is due to the position of the source almost aligned by chance on the great-circle path defined by the two stations. Such arrivals may typically alter tomography results based on empirical Green's function reconstruction from ambient noise cross-correlations (Shapiro & Campillo 2004) . For all other station pairs, the emergence of the empirical Green's function is barely visible. Therefore, phase coherence statistics could be used to discriminate between different source contributions and thus may help to reduce potential traveltime biases due to persistent sources.
C O N C L U S I O N S
We present a new approach based on instantaneous phase coherence statistics to define the state of phase randomness for a set of synchronous signals. Both theory and synthetic experiment show that, in the fully random case, the mean and the variance of all possible pairwise comparisons equal to 0 and √ 1 − 2/π ( 0.603), respectively. Any deviation from these values indicate the presence of a redundant phase. Using the ergodicity property of a random signal, we split an initial time-series into a set of synchronous signals. This allows to detect and to quantify the repetitiveness of any possible temporally persistent and spatially localized source, during a given period of observation.
In the case of the detection of a redundant phase, individual coherences (one trace against all others) quantify the contribution of each time-series independently. Depending on the application, the method may be used to exclude either poorly contributing traces for efficient signal extraction, or to exclude highly contributing traces to avoid contamination from a persistent signal. This method can be easily implemented to bring quantitative information on the ambient seismic wavefield.
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